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^N) Abstract 

bX) 

r-{ Quantifier elimination of positive semidefinite cyclic ternary quartic forms is studied in this pa- 

^^rfH per. We solve the problem by the theory of complete discrimination systems, function RealTriemgularize 

in Maplel5 and the so-called Criterions on Equality of Symmetric Inequalities method. The 
equivalent simple quantifier-free formula is proposed and is difficult to obtain automatically by 
previous methods or quantifier elimination tools. 
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c/^ 

^vQ 1. Introduction 

> 

jy-j The elementary theory of real closed fields (RCF) is expressed in a formal language 

with atomic formulas of the forms A = B and A > B, where A and B are multivariate 
polynomials with integer coefficients. The problem of quantifier elimination (QE) for RCF 
can be expressed as: for a given formula of RCF, find an equivalent formula containing 
the same free (unquantified) variables and no quantifiers. 

QE problem is what many researchers have contributed to, including A. Tarski, who 
gave a first quantifier elimination method for real closed fields in the 1930s, although 
. . its publishing delayed for nearly 20 years (|Ta48p . and G. E. Collins, who introduced a 

so-called cylindrical algebraic decomposition (CAD) algorithm for QE problem in the 
1970s (|Co75|) . which has turned into one of the main tools for QE problems, along with 
its improved variations. Over the years, new algorithm and important improvements on 
CAD ha ve ap peared, including, for instance, jA CMMbl IACM88I iMcMl |Hong90[ ICH91I 
|Hong92p and (jCoMl lMc98l IWei98l iBToTal IBrOlbl [BM05 ^1609": ' 67121) . Most of the works, 
including Tarskis algorithm, were collected in a book (.CJ98,) . 
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Many researchers have studied a special quantifier elimination problem (see, for ex- 
ample, (I AM88I iLiMl Ornl rWeiMl) ) . 

(Va; e R){x^ + px^ + qx + r > 0), 

called quartic problem in the book just mentioned. There are also many researchers 
that have studied some special QE problems in other ways. In 1987, Choi etc. obtained 
the necessary and sufhcient condition for the positive semidefiniteness of a symmetric 
form of degree 3 with n variables (lCLR87p . In 1996, Yang etc. proposed the theory of 
complete discrimination systems for polynomials to discuss the root classification problem 
of one variable polynomial with real parameters (|YHZ961 1 Yang99| ) . In 1999, Harris gave 
a necessary and sufficient condition for the positive semidefiniteness of a symmetric form 
of degree 4 and 5 with 3 variables (Ha99). In 2003, Timoftc considered the necessary 
and sufficient condition for the positive semidefiniteness for symmetric forms of degree 
d with n variable in E"(d < 5) (|Ti03l ITiOSl) . Applying Timofte's result and the theory 
of complete discrimination systems, Yao etc. obtained a quantifier elimination of the 
positive semidefiniteness for symmetric forms of degree d with n variable in M"((i < 5) 
(|YF08I) . However, the above results are for symmetric forms. Therefore, Han discussed 
the positive semidefiniteness for more general forms with n variables, including symmetric 
forms and cyclic forms (jHanlip . 

In this paper, we consider a quantifier-free formula of positive semidefinite cyclic 
ternary quartic forms, namely the quantifier-free formula of 

(Va;, y, z G E) [F{x, y,z) ^^x"^ + x^y"^ + I ^ x'^yz + m'^x^y + n'^xy^ > Q\, 

eye eye eye eye eye 

which is similar to yet also more complex than quartic problem. It is difficult to get an 
answer directly by previous methods or QE tools. Recall Hilbert's 1888 theorem that 
says, every positive semidefinite ternary quartic (homogeneous polynomial of degree 4 
in 3 variables) is a sum of three squares of quadratic forms (|Hilbert88[) . Hilbert's proof 
is non-constructive in the sense that it gives no information about the production of an 
equivalent quantifier-free formula. Notice that F{x,y,z) > for x,y, z € M. is equivalent 
to the following inequality 

(Va;,2/,z G R)[f{x,y,z) = + Ba^a2 + Ca^ + Da^a^ + EaiJ^^^V ^ 0]' 

eye 

where ai = x + y + z, a2 — xy + yz + zx, = xyz and _B, C, D, E satisfying 

k = 2B + C + E + Q,l^2C + D + E + 12 + ?)B,m = B + A,n = B + E + A. 

Han (|Hanll|l obtained the following necessary and sufficient condition of /(x, y, z) > 0, 

(Vm e M)[/(m, 1, fcm + 1 - fc) > 0], 

where A: is a real root of the equation 

Ek^ - Dk^ - 3Ek + Dk + E^O. 

However, it is still difficult to get a quantifier-free formula by previous methods or QE 
tools. 

Han developed several other methods to solve cyclic and symmetric inequalities includ- 
ing the so-called Criterions on Equality of Symmetric Inequalities method (|Hanll[) . These 
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methods can solve a class of QE problems. This paper is firmly rooted in Han's book 
(|Hanll|) . especially the technique dealing with the cyclic and symmetric inequalities. In 
order to be self contained, we will prove some results in this paper. In order to obtain 
a simple quantifier-free formula, function RealTriangularize ljCDMMXXlOl) of Regu- 
larChains package in Maplel5 is used to prove inequalities and illustrate semi-algebraic 
systems without real solution. We also need the theory of complete discrimination sys- 
tems for root classification. 

The rest of the paper is organized as follows. Section 2 introduces some basic concepts 
and results about complete discrimination systems for polynomials. Section 3 presents 
our solution to the positive semidefinite cyclic ternary quartic form. 



2. Preliminaries 

Given a polynomial 

f(x) — oqx" + aix"^^ + ■ ■ • + a„, 
we write the derivative of f{x) as 

f'{x) = • + naox"~'^ + {n - l)aix"^'^ H h a„_i. 



Definition 1. (|YHZ96I |Yang99p {discriminant matrix) The Sylvester matrix of f{x) 
and f'{x) 



ao ai 02 
nao {n — l)ai 
ao ai 
nao 



an 

an—1 an 

'^an—i an 

ao ai 
nao 



an 
an-i 



is called the discrimination matrix of f{x), and denoted by Discr(f). 



Definition 2. (|YHZ96I |Yang99| ) {discriminant sequence) Denoted by Dk the determi- 
nant of the submatrix of Discr{f) formed by the first 2k rows and the first 2k columns. 
For fc = 1, . . . , n, we call the n-tuple 

{D^{f),D2{f ),..., Dn{f)} 

the discriminant sequence of polynomial f{x). 
Definition 3. (|YHZ961 [Yaiig99| {sign list). We call hst 

[sign(i?i(/)),sign(i^2(/)), . . . , sign(A.(/))] 
the sign list of the discriminant sequence{Di{f), D2{f), . . . , Dn{f)} 
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Definition 4. (|YHZ961 [Yaiig99| {revised sign list). Given a sign list 

[si,S2,-.-,S„], 

we construct a new list 

[ei, 62, •■•,£«] 

as follows (which is called the revised sign list): if [si, S2, . . . , s„] is a section of the give 
list, where Si ^ 0, Si^i — Si^2 — ■ ■ ■ — Si+j-i — 0, s^+j ^ 0, then we replace the 
subsection 

by 

i.e., let 

for r = 1, 2, . . . , j — 1. Otherwise, let = Sk i.e., no changes for other terms. 

Lemma 5. liYHZ9(A: \ Yang 9^ Given a polynomial with real coefficients, f(x) — Oox" + 
aia;""^ + • • • + a„. // the number of the sign changes of the revised sign list of 

{D^{f),D2{f ),..., DM)} 

is V, then the number of the pairs of distinct conjugate imaginary root of f{x) equals v. 
Furthermore, if the number of non-vanishing members of the revised sign list is I, then 
the number of the distinct real roots of f{x) equals I — 2v. 

Theoretically, we can get a quantifier-free formula of the positive semidefinite cyclic 
ternary quartic form by complete discrimination systems for polynomials. Actually, it is 
impossible because of the complexity. 

3. Main result 

Lemma 6. iHanll]) Let x,y, z e C, x + y + z — 1 and xy + yz + zx, xyz G M. The 
necessary and sufficient condition of x,y, z eM. is xyz e [ri,r2], where 

ri = ^{l- 3t^ - 2t^),r2 = ^(1 - 3^^ + 2^^) 

and t > 0. 

Proof. We consider the polynomial 

f{X) = X'-^ - {x + y + z)X^ + {xy + yz + zx)X ~ xyz, 

it is obvious that x, y, z are three roots of f{X) = 0. By Lemma 5, the equation f{X) — 
has three real roots if and only if 

D3{f)>0AD2{f)>0, 

where 

I?2(/) = {x + y + z)"^ — 3{xy + yz + zx) = 1 — 3{xy + yz + zx), 
Dz{f) ^{x- y)\y - z)\z - x)^ = ^(4i?2(/)' - (3i?2(/) - 1 + 21xyz)^). 
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Therefore, using the substitution t = ^ i?2(/) ojid xyz = r, we have 

x,y,z ■^=> {x — y)'^{y — z)'^{z — x)^ > A {x + y + z)^ > 3xy + 3yz + 3zx, 

4<6 - (3<2 - 1 + 27r f >OAt>0 

^ ^{l - 3t^ - 2t^) < r < ^{1 - 3t^ + 2t^) A f > 0. 
That completes the proof. □ 

Remark 7. Han also get this result by the Criterions on Equality of Symmetric Inequal- 
ities method (jHanlip . 

We now try to reduce the number of quantifiers of the positive semidefinite cyclic 
ternary quartic form which is mentioned in the Introduction, 

(Va;, y, z e M) [F{x, y,z) = ^x'^ + x^y"^ + I ^ x'^yz + m^x^y + n^xy^ > Q\. 

eye eye eye eye eye 

Lemma 8. II Han 11]) The inequality Fix, y, z) > holds for any x,y, z gW if and only if 
2'^x'^ + 2k^ x^y^ + 2l'^ x^yz + (n + m) ^ x^y + (rn + n) ^ xy^ 

eye eye eye eye eye 

>\{m — n){x + y + z)(^x — y){y — z){z — x)\ 
holds for all x,y, z d M. 

Proof. It is easy to show that for all x,y,z € M, F{x,y,z) > is equivalent to: for all 
x,y,z e M, 

2 ^ X** + 2fc ^ x^y^ + 21'^ x^yz + (n + m) ^ x^y + (m + n) ^ xy^ 

eye eye eye eye eye 

>{ni — n){x + y + z){x ~ y){y — z){z — x). 

On the other hand, if F(x,y,z) > holds for any x,y,z € K, then F(x,z,y) > also 
holds for any x,y, z € K. This inequality is equivalent to 

2 ^ X** + 2fc ^ x^y'^ + 21'^ x^yz + (n + m) ^ x'^y + (m + n) ^ xy'^ 

eye eye eye eye eye 

>{n — m){x + y + z){x ~ y){y — z){z — x) 

for all x,y, z €z M. 

Thus, F(x, y, z) > for any x, y, z G M is equivalent to 

2 ^ x"^ + 2fc ^ x^y'^ + 2^ ^ x'^yz + (n + m) ^ x^y + [m. + n) ^ xy^ 

eye eye eye eye eye 

>\m — n\{x + y + z){x ~ y){y — z){z — x) 
for all x,y, z Cz R. □ 

Theorem 9. The positive semidefinite cyclic ternary quartic form 

Vx,?/,zeE F{x,y,z)>0 
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holds if and only if the following inequality holds. 

(Vi e M.)[g{t) :=3(2 + k - m - n)i* + 3(4 + m + n - l)t'^ + k+l + m + n + l- 

^27(m - n)2 + (4A; + m + n - 8 - 2lft^ > 0]. 

Proof. Substituting x + y + z,xy + yz + zx, xyz with p, q, r, we have 



If ^( ^( M ff ^7 ^2? S2 / 4b^-3g)3-(2p3-9pg + 27r)^ 

\{x-y){y-z){z-x)\ = ^y{x - y)^{y - zy{z - xf = ^— '-. 

We first prove the sufficiency. 

If p = Q, then the inequality F{x, y,z) >0 becom,es 

(2 + fc - TO - n)q^ > 0. 

We can deduce (2 + fc — to — n)>0 from g{t) > for all t>Q. {Since {2 + k — m — n) 
is the leading coefficient of g{t).) 

Ifp^O, since the inequality is homogenous, we can assume that p = 1. Notice that 

{x + y + z)^ > 3{xy + yz + zx), 

thus we have 9 < g • Using the substitution t = — 3q, the inequality F{x, y,z) > is 

equivalent to 

2(2 + fc - m - n)t^ + (16 - 4/c + m + n)t^ - 2 + 2k + m + n + 9{8 - 4k + 21 - m - n)r 
>V3\m - n|^4t6-(3t2_i + 27r)2. 

After we compare the above inequality with the desired one, it is sufficient to prove that 
V3\m — n |v/4i6- (3t2_ i + 27r)2 

2^27(to - n)2 + (8 - 4fc + 2Z - to - n)H^ (8 - 4fc + 2/ - to - n)(3t2 - 1 + 27r) 
- 3 ^ 3 ■ 

After we square both sides and collect terms, the above inequality is equivalent to 

H^{r) > 0, 

where 



, 2(S-4k + 2l-m-n) o o , „„ , L, (8 - 4k + 21 - m - n)'^ 
H{r) = '-t^ + {3t^-l+27r)J3im - n)2 + 

It is obviously true. 

So the sufficiency is proved. To prove the necessity, it suffices to show that there exist 
x,y,z gM. such that H{r) = 0. Notice that 



H{ri)H{r2) ={— ' T "" '"' ^^ - 2i^/ 3(to - n)2 + 



2(8-4A; + 2Z-TO-n) 3 „ 3 /„. (8 - 4A; + 2Z - to - n) 



2 



3 

= -12t^{m-nf < 0, 

where 



^2(8-4fc + 2^-TO-n)^3 ^ 2^3. /3(™ _ + (8 - 4fc + 2Z - to - n)^ 



n = ^(1 - 3f2 - 2*3), r2 = ^(1 - 3*2 + 2*3). 
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Therefore, there exists tq € [?'i,t'2], such that H{ro) = 0. By Lemma 6, such a;,y, 2; e IR 
exist and we prove the necessity. 

From the above discussion, the theorem is proved. □ 

We will apply function RealTrieingulcirize of RegularChains package in Maplel5 to 

prove the following lemma. 

Lemma 10. Leta^ > 0, 04 > 0, oi 7^ 0, 01,02 G M, we consider the following polynomial 

/(.'/;) = a^x'^ + aix^ + a2X^ + 04. 
The discriminant sequence of f{x) is 

Df = [D,{f),D2{f),D3{f),D4f)], 

where 

Diif) =ao^ 

D2{f)=-8ala2 + 'Salal, 

Dsif) = — 4aoa2 + 16aQa2a4 + alala^ — QaQola^, 
Diif) = - 27alaial + 16a^a|a4 - 128a^oial- 
AalafalaA + 14:Aala2a'(al + 2560004. 
For all X G'R, f{x) > holds if and only if one of the following cases holds, 

{l)D4f) > A {D2{f) < V £>3(/) < 0), 
(2)D4(/)=0,£>3(/)<0. 

Proof. =>: If f{x) > holds for all x G M., then the number of distinct real roots of 
f{x) is less than 2. // it equals 2, then the roots of f{x) are all real. If it equals 0, then 
f{x) has no real root. 

If D4{f) < and D2{f) > 0, then the number of non-vanishing members 0/ revised 
sign list equals I — 4. Since Di{f)D2{f) < 0, then the number of the sign changes of 
revised sign list equals v = 1, thus I — 2v = 2. By Lemma 5, the number of distinct real 
roots of f{x) equals two and the number of the pair of distinct conjugate imaginary root of 
f{x) V = 1, which is impossible. Using function RealTriangularize, we can prove that 
the semi- algebraic system, 04 > 0, £'4(/) < 0,D2{f) < has no real solution. Therefore, 
Diif) > 0. Since Di{f) > 0, the number of the sign changes 0/ revised sign list v <2. 

If D4{f) > 0, thus I = 4. Notice that the number of real root of f{x), namely l — 2v < 2, 
so V > 1, from which, we get 

D2{f)<0W Ds{f)<0. 

Using function RealTriangularize, we can prove that both the semi- algebraic system 
04 > 0, oo > 0,£>4(/) > 0,D2{f) > 0, D3(/) = 0,01 7^ and the semi-algebraic system 
04 > 0, Oo > 0,D4(f) > O.D'iif) > 0, Z)2(./) = 0,01 7^ have no real solution. Hence, 
if Di{f) > and L»2(/) = 0, then D^lf) < 0; if Diif) > and D^if) = 0, then 
D2{f) < 0. Thus, when Di{f) > 0, either 1)2 (/) < or r>3(/) < holds. 

If Diif) = '^"''^ ^^i-f) > 0,' then I = 3. The number of sign changes o/rcviscd sign list 
V equals either 2 or 0. From <l — 2v <2, we have v = 1, which leads to contradiction. 
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That implies if D^{f) = 0, then Ds{f) < 0. Using function RealTriangularize, we can 
prove that the semi- algebraic system > 0, ao > 0, Di{f) = 0, Ds{f) = 0, ai ^0 has no 
real solution. Hence, when D/^lf) = 0, we have D^{f) < 0. 

•^=: If Di{f) > A {D2{f) < V D::i{f) < 0), then the number of sign changes of 
revised sign list v = 2, so the number of distinct real roots of f{x), l — 2v, equals 0, which 
means for any a; e M, f{x) > 0. 

If D4,{f) = and -D3(/) < 0, then I = 3, the number of the sign changes o/ revised 
sign list V = 2. Thus, the number of distinct real roots of f{x), I — 2v, equals 1, and the 
number of the pair of distinct conjugate imaginary root of f{x), v, equals 1, so f has a 
real root with multiplicity two, which means for any x € M, f{x) > 0. □ 



Now, we can provide a quantifier-free formula of the positive semidefinite cyclic ternary 
quartic form. 

Theorem 11. Given a cyclic ternary quartic form of real coefficients 

F(x, y,z) = ^x'^ + x^y^ + I ^ x^yz + m^x^y -\- n'Y^xy'^ , 



eye eye eye eye eye 



then 



(Va;,y,^eM) [F{x,y,z)>Q] 

is equivalent to 



V (ff4 = A /2 = A ((gi = A m > 1 A m < 4) V (51 > A 52 > 0) V (51 > A ff3 > 0))) 

V {gl + /I > A A > A /3 = A /4 > 0) 

V (54 + /I > OA/i > OA/a > A ((/s > OA (/e < OV/7 < 0)) V (/s = A /r < 0))) 
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where 



fi -.=2 + k - m - n, f2 ■■= 4:k + m + n - 8 ~ 21, 

fz :=1 + fc + m + n + Z, /4 := 3(1 + k) — — — mn, 
/5 := - ik^m^ - Ak^ri^ - ik^lm^ + ik^lmn - ik^ln^ 

- kfm^ + Akfmn - kl^v? + Sklw? + 6klm^n + Qklmn^ 
+ 8kln^ - 2km^ + Wkm^n - Skrn^n^ + lOkmn^ - 2kn'^ 
+ l^mn - Ql^m^n - + Zm^ + ISlm^n - Slm^n^ 

+ 13lmn^ + Iri^ - 7m^ - 8m'*n - ISm^n^ - 16m^n^ - Smn* 

- 7n^ + 16fc^ + 16k^l - S2k^lm - 32k^ln + 12k^m^ 

- ASk'^mn + Uk'^n^ - AkP + Akfm + Akfn - I2klm^ 

- QOklmn - I2kln^ + 40fcm^ + A8km'^n + ASkmn'^ + AQkn^ 
-l^ + m^m + m^n - 2lfm^ + I2fmn - 211^71^ 

+ lOZm^ + 48Zm^n + 48Zmn^ + lOZn^ - 17m^ - lAm^n 

- 2\m^n^ - Umri^ - 17n* - 16fc^ + 32k^l - ASk^m 

- ASk'^n + 80fc;2 - 48fc;m - 48fc;n + 96fcm^ + 48fcmn + 96fcn^ 

- 24/3 _ 24/^™ - 24/^77. + 2Alrn^ - 2Almn + 24^71^ - IGm^ 

- 48m2n - 48TOn2 - 16n'^ - - Mkl + 64fem + &Akn + 96/^ 

- 2,21m - 32ln - 16m^ - 32mn - I6n^ + 6Ak - 1281 + 6Am + 6An + 128, 
/e :=4A;^ + 2kl - Akm - Akn + f- 7lm - 7ln + 13m^ -mn + 13n^ 

- AOk + 201 + 8m + 8n - 32, 

fr := - 768 + 352^^ - 332/^ + l80n^ + 180m^ + 56fc^ - 8fc^ 

+ 14/3 ^ ^32„3 _^ ^32^3 ^ ^2n^ + 42m^ - 480fc - GOlmn - 192n 

+ ■i2klmn - 192m + 912/ + /'* - 354fcmn + 158kln + U8klm + 26fc^mn 

- llkln^ + 22k^lm + 22k^ln - Abkmv^ - mm^n - Abkm^n 

- llklm^ + 23/^mn - 90/mn^ + kfm + kt^n + 36mn - 480km + 592kl 

- A80kn - mim - 60Zn + Sfc^m + 8k^n - 20kH + 32fc^n + 32A;^m 

- l2kH + 234mn2 + 234m2n - 192/n2 - 258fcn2 - 192/m2 - 258A;m^ 
+ lie/^m + llQfn + 87m3n + 87mn3 - Ihkn^ + QOm^n^ - mn^ 

- 15/cm3 - SO/m^ + 25/^m2 + 25/^n^ - 14fc^m^ - lAk^v? 

- lA6kf - lOl^m - lOfn - 2k'^f + 3kl^, 

gi •.=k — 2m + 2, g2 := Ak — m^ — 8, 173 := 8 + m — 2k, g4 = m — n. 

Proof. By Theorem 9, it suffices to find a quantifier-free formula of 

(Vi e M.)[g{t) :=3(2 + k-m- n)t'^ + 3(4 + m + n - l)t^ + k + l + m + n + l- 




Case 1 \l 27(m — n)^ + {Ak + m + n — 8 — 21)^ = 0, that is m = n and Ak + m + n — 8 
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21 = 0. Hence 

g{t) =3(2 + k- 2m)t^ + 3(4 + 2m - 0*^ + k + l + 2m + l 
=3(2 + k- 2m)t^ + 3(8 + m - 2k)t^ + 3(fc + m - 1). 

If2 + k-2m = 0, then 

Vi e R 5f(i) > <^ 1 < m < 4. 

// 2 + fc - 2m > 0, i/ien 

e M fif(t) > <^ (fill > A 52 > 0) V (ffi > A 53 > 0). 

Case 2 ^J 27(m - n)^ + (4A; + m + n - 8 - 2Z)^ ^0 anrf 1 + A; + m + n + Z = 0. /n i/i«s 
case, is easy to show that 2 + k — m — n>0. Thus, 

VielR, 5f(i) > <^Vi e M, .S(2 + ^- -»)-//)/- + .'-',(4 + ») + n - 

- ^J 27(m - n)^ + (4fc + m + n - 8 - 2Z)^i > 
<i=^27(m - n)^ + (4fc + m + n - 8 - 2Z)^ < 36(2 + - m - n)(4 + m + n 
<^^3{1 + fc) > m^ + + mn. 

Case 3 ^J 27(m - n)^ + (4fc + m + n - 8 - 2Z)^ ^0 anrf 1 + fc + m + n + Z 7^ 0. /n i/i«s 
case, 6?/ Lemma 10, we know that for all x gB., g > holds if and only if 

/i > A /3 > A ((/s > A (/e < V /7 < 0)) V (/s = A/7 < 0)). 

To summarize, the theorem is proved. □ 
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